Let Ω be a cone in R n with n ≥ 2. For every fixed α ∈ R we find the best constant in the Rellich inequality
Introduction
Let α be a fixed real number and let Ω be a domain in R n , n ≥ 2, with 0 ∈ ∂Ω. If Ω = R n \ {0} we assume that ∂Ω \ {0} is regular enough. We deal with a class of inequalities of the form
where u ∈ C 2 (Ω) runs into suitable classes of functions vanishing on ∂Ω. More precisely, we consider the following cases:
(i) u vanishes on ∂Ω and in a neighborhood of 0 and of ∞. We will denote this functional space as C 2 c (Ω \{0}) and we will refer to this situation as the Navier case.
(ii) u has compact support in Ω. We will denote this functional space as C 2 c (Ω) and we will refer to this situation as the Dirichlet case. Since the exponents in the power-type weights make the inequality (0.1) and the ratios in (0.2) invariant under dilations, we focus our attention to the case of dilation invariant domains. More precisely, we study (0.1) on cones Ω = C Σ , where Σ is a domain in the unit sphere S n−1 and
As special cases we include Ω = R n \ {0} (corresponding to Σ = S n−1 ) and Ω = R n + , a homogeneous half-space (corresponding to Σ = S n−1 + , a half-sphere). We provide an explicit formula for the best constant in the Navier case and estimates from below in the Dirichlet case (see Theorem 2.1 and Corollary 2.2).
We also consider cone-like domains, that are of the following kind:
i) Bounded domains of the form Ω = C Σ ∩ B n , where B n denotes the unit ball in R n . This class of domains includes the punctured ball B n \ {0}, and the half-ball B n + = B n ∩ R n + .
ii) Exterior domains of the form Ω = C Σ \ B n .
For these domains we will prove inequalities with remainder terms involving logarithmic weights, both in the Navier and in the Dirichlet cases, with optimal constants (see Theorems 4.1 and 4.5).
Inequalities of the form (0.1) are known in the literature as Rellich-type inequalities. Even if they are less studied than the corresponding lower order inequalities, nowadays constitute a fecund field of research. The prototype case is the inequality: It was proved by Rellich in 1953 (see [13] and the posthumous paper [14] ) with the optimal constant
(0.5)
Subsequently many authors (see [1] , [2] , [8] , [9] ) studied the more general version
under some restrictions on α (see also [3] , [10] , [11] and [12] for related results).
As a corollary to Theorem 2.1, we provide a complete answer on the validity of (0.6) for all α ∈ R and in any dimension n ≥ 2. Moreover we compute the sharp value of the best constant µ n,α :
where
Thus for every dimension n ≥ 2 there is an unbounded sequence (α k ) k∈Z of integers such that the Rellich inequality (0.6) holds with a positive constant µ n,α if and only if α = α k for any k ∈ Z. Differently from the best constant in the Hardy inequality for the L 2 norm of |x| α/2 |∇u| (see for instance [12] ), the function α → µ n,α continues to oscillate as α → ±∞.
Graph of α → µ2,α in dimension n = 2
Notice that the set {k(n − 2 + k) | k = 0, 1, 2, ...} is the spectrum of the LaplaceBeltrami operator on the sphere. Thus (0.7) shows that a resonance phenomenon occurs, that is, the Rellich inequality fails on R n if and only if −γ n,α is an eigenvalue of −∆ σ on H 1 (S n−1 ).
We point out that in Rellich-type inequalities on the whole space, the radial and the angular part of ∆u have independent roles. Actually no symmetrization or rearrangement argument can be used to study the minimizations problems in (0.2). In fact, we can show that considering just radial functions we have
whereas, taking nonradial functions, we have
For instance, in case α = 0 the Rellich inequality holds for all mappings in C 2 c (R n \ {0}) if and only if n = 2, 4 and for all radial mappings when n = 2. In addition, it holds on functions that are orthogonal to radially symmetric maps in any dimension n = 2.
In case of a cone C Σ as in (0.3), with Σ strictly contained in S n−1 , we have to distinguish between the Navier case and the Dirichlet one. The resonance phenomenon pointed out when Ω = R n \ {0} can be observed on any dilation-invariant domain. Actually we can prove that
where Λ(Σ) is the Dirichlet spectrum of the Laplace-Beltrami operator on Σ. In particular µ N (C Σ ; α) > 0 if and only if −γ n,α is not an eigenvalue of −∆ σ on H 1 0 (Σ). Graph of θ → µN (CΣ θ ; 0) where Σ θ is an arc in S 1 of length 2θ.
A relevant case is when the cone C Σ is an homogeneous half-space R n + . Computing the Dirichlet spectrum on a half-sphere (see Proposition 3.5), from (0.9) we infer
In the Dirichlet case we can prove that
as soon as Σ = S n−1 . In particular, the Rellich constant on proper cones with Dirichlet boundary conditions is always positive. For instance, we can show that
whereas µ N (R 2 + ; 0) = 0. We emphasize the fact that the dependence of the constant µ N (Ω; α) with respect to the domain Ω in general exhibits no monotonicity property. Instead, in the Dirichlet case, one easily sees that
A more detailed analysis about Rellich inequalities on cones is developed in Section 2. The special cases previously discussed for the whole space or for a halfspace are displayed in Section 3.
Next we deal with cone-like domains. Here, for the sake of simplicity, we limit ourselves to state some of our results when the domain is either the punctured ball or the complement of the ball. Let µ n,α be given by (0.7) and let γ n,α := n − 2 2
If Ω = B n \ {0} or Ω = R n \ B n then the following inequalities hold with sharp constants:
For more general cone-like domains we also consider mixed boundary conditions, precisely of Dirichlet type on the "radial" boundary, and of Navier type on the "angular" boundary. A wider discussion is contained in Section 4. In a forthcoming paper [7] we will study second order interpolation inequalities of Caffarelli-Kohn-Nirenberg type [5] and reletad noncompact semilinear problems.
Auxiliary problems on spherical domains
For any domain Σ ⊆ S n−1 we let H 1 0 (Σ) to be the Sobolev space of measurable functions on Σ obtained by completing C 2 c (Σ) with respect to the scalar product
Notice that H 1 0 (S n−1 ) = H 1 (S n−1 ). We denote by Λ(Σ) the spectrum of the LaplaceBeltrami operator −∆ σ on H 1 0 (Σ) and by λ Σ the smallest eigenvalue in Λ(Σ). Recall that λ Σ is positive if and only if S n−1 \Σ has positive capacity. In this case λ Σ equals the Poincaré constant on H 1 0 (Σ).
We fix a constant γ ∈ R, and we define the differential operator
In the present section we study the following minimization problems:
Notice that m D (Σ; γ) ≥ m N (Σ; γ). Our first result concerns the lowest infimum m N (Σ; γ).
Proposition 1.1 One has that
m N (Σ; γ) = dist(−γ, Λ(Σ)) 2 , (1.1) and m N (Σ; γ) is always achieved. More precisely, ϕ ∈ H 2 ∩ H 1 0 (Σ) attains m N (Σ; γ) if
and only if ϕ is an eigenfunction relative to the eigenvalue that achieves the minimal distance of −γ from Λ(Σ).
Proof. Let λ ∈ Λ(Σ) and let ϕ be an eigenfunction relative to the eigenvalue λ. Since Lϕ = (λ + γ)ϕ, then m N (Σ; γ) ≤ (λ + γ) 2 , and thus m N (Σ; γ) ≤ dist(−γ, Λ(Σ)) 2 . Therefore it suffices to show that
If −γ is an eigenvalue then clearly 0 = m N (Σ; γ) = dist(−γ, Λ(Σ)) 2 and in addition m N (Σ; γ) is achieved by any corresponding eigenfunction. Thus we can assume that
where λ k−1 and λ k are two consecutive eigenvalues if −γ > λ Σ , while
where V is the finite-dimensional space spanned by the eigenfunctions relative to the eigenvalues λ < λ k . Otherwise, we agree that V = {0}. Since
for any ϕ ∈ V ⊥ , then from the Cauchy-Schwarz inequality we readily get that
Indeed, fix an L 2 -orthonormal basis {ϕ 1 , ..., ϕ h } of V , made by eigenfunctions. Any function ϕ ∈ V can be written as
and then (1.4) holds. In order to obtain (1.2) we write any nontrivial
with ϕ V ∈ V and ϕ V ⊥ ∈ V ⊥ . By orthogonality and by (1.3)-(1.4) we get
as desired. Hence (1.1) is proved. The last claim readily follows from (1.1). 
contradicting the local strong maximum principle. If −γ ∈ Λ(Σ) we take a proper domain Σ ′ ⊂ S n−1 containing the closure of Σ and such that −γ / ∈ Σ ′ . Since
is achieved since it is positive, via standard arguments.
Rellich inequalities on cones
In this section we investigate Rellich inequalities on cones and we evaluate the best Rellich costant in the Navier case.
We fix a domain Σ in S n−1 , with n ≥ 2, and we let C Σ to be the cone in R n defined by (0.3). Fixing α ∈ R we are interested in the infima µ N (C Σ ; α) and µ D (C Σ ; α) defined as in (0.2). We start by noticing that
Indeed, for every u : C Σ \ {0} → R we define the functionû on C Σ \ {0} bŷ
One has that u ∈ C 2 c (C Σ \ {0}) if and only ifû ∈ C 2 c (C Σ \ {0}) and u ∈ C 2 c (C Σ ) if and only ifû ∈ C 2 c (C Σ ). Moreover
Hence (2.1) immediately follows. Before stating our first result, let us recall that by Λ(Σ) we denote the spectrum of −∆ σ in H 1 0 (Σ). Moreover let γ n,α be the number defined in (0.8).
Theorem 2.1 Let n ≥ 2 and let Σ be a domain in S n−1 of class C 2 . Then
Theorem 2.1 will be proved in Subsection 2.2. From the monotonicity property of the mapping Σ → µ D (C Σ ; α) we have that
Therefore, from Theorem 2.1, we infer the next result.
Corollary 2.2 Let n ≥ 2 and let Σ be a domain in S n−1 of class
In our second main result we show that extremal functions do not exist. This is trivial when µ N (C Σ ; α) or µ D (C Σ ; α) vanish. When they are positive we need to introduce suitable Sobolev spaces as follows. In particular, when µ N (C Σ ; α) > 0, we can define a norm on C 2 c (C Σ \ {0}) by setting
The completion of C 2 c (C Σ \{0}) with respect to this norm will be denoted N 2 (C Σ ; α). In the same way, when µ D (C Σ ; α) > 0 we introduce the Sobolev space D 2 (C Σ ; α) as the completion of C 2 c (C Σ ) with respect to the norm (2.4).
Theorem 2.3
The infima µ N (C Σ ; α) and µ D (C Σ ; α) are never attained.
To prove Theorems 2.1 and 2.3 we will use a suitable Emden-Fowler transform, that maps functions defined on C Σ into functions on the cylinder
This will be done in the next subsections.
The Emden-Fowler transform
To any u ∈ C 2 c (C Σ \ {0}) we associate a function w :
and we define T u := w.
We denote by C 2 c (Z Σ ) the space of mappings w ∈ C 2 (Z Σ ) such that w(·, σ) = 0 for every σ ∈ ∂Σ and w(s, ·) = 0 for |s| large enough. In addition we introduce the differential operator Lw = −∆ σ w + γ n,α w, (2.6)
as in Section 1, with γ n,α defined in (0.8).
Moreover, setting w = T u, one has
Proof. The first two statements and (2.7) are trivial. Let v := |x| n−4+α 2 u and let w be defined as in (2.5). We compute ∆u = |x|
where v r = |x| −1 (x · ∇v) denotes the radial derivative of v. Now we go from v to w, via the transform v(x) = w − log |x|, x |x| .
Denoting w s and w ss the partial derivatives with respect to the real variable of w, since
we infer that ∆u = |x|
we readily obtain (2.8)-(2.9).
Proof of Theorem 2.1
Firstly we prove (2.2). By Proposition 1.1, it suffices to show that
Let T be the Emden-Fowler transform. Fix u ∈ C 2 c (C Σ \ {0}) and put w = T u. Then use (2.8) and (2.9). Since G(w) ≥ 0, by Proposition 1.1 and by (2.7) we obtain that
Hence µ N (C Σ ; α) ≥ m N (Σ; γ n,α ). In order to prove the opposite inequality we take a function w ∈ C 2 c (Z Σ ) of the form
whereas, by (2.8)-(2.9),
Taking t → 0 and h → ∞ we immediately obtain that µ N (C Σ ; α) ≤ m N (Σ; γ n,α ). Hence (2.10) holds true. In the same way one shows that
Then the conclusion follows from Proposition 1.2.
The functional spaces
Assume that µ N (C Σ ; α) > 0. Let N 2 (C Σ ; |x| α dx) be the Hilbert space endowed with the norm (2.4).
Using an interpolation argument we endow the space H 2 ∩ H 1 0 (Z Σ ) with the equivalent norm
For every u ∈ C 2 c (C Σ \ {0}) let w = T u be the Emden-Fowler transform of u. By Lemma 2.4, we have that T u ∈ H 2 ∩ H 1 0 (Z Σ ).
Lemma 2.5 The operator
admits a unique continuous extension on N 2 (C Σ ; |x| α dx) which is an isomorphism between the spaces N 2 (C Σ ; |x| α dx) and
. Moreover the equalities (2.7) and (2.8)-(2.9) hold true for every function
By density, equalities (2.7) and (2.8) hold true for every u ∈ N 2 (C Σ ; |x| α dx). Recalling the definitions of the norms u and w given in (2.12) and in (2.11), respectively, and using also (2.7), we have that
Hence if γ n,α ≥ 0 then u ≥ T u 2 for all u ∈ N 2 (C Σ ; |x| α dx) and the conclusion follows. If γ n,α < 0, using (2.8)-(2.9), we firstly estimate
Then we use the Young inequality 2ab ≤ ε −1 a 2 + εb 2 (ε > 0, a, b ∈ R) to estimate
Hence we infer that
and, fixing ε with 1 < ε < 1 + γ −2 n,α , the conclusion follows as before. In a similar way one has:
Lemma 2.6 The Emden-Fowler operator T is an isomorphism between the spaces
D 2 (C Σ ; |x| α dx) and H 2 0 (Z Σ ). Remark 2.7 If Σ = S n−1 , then H 2 0 (Z Σ ) is properly contained in H 2 ∩ H 1 0 (Z Σ ). Thus D 2 (C Σ ; |x| α dx) ⊂ N 2 (C Σ ; |x| α dx) with strict inclusion, that is, C 2 c (C Σ ) is not dense in N 2 (C Σ ; |x| α dx).
Proof of Theorem 2.3
Assume that µ N (C Σ ; α) is attained by some u ∈ N 2 (C Σ , |x| α dx), u = 0. By (2.7), (2.8) and by Lemma 2.5, we have that
Therefore the infimum at the right hand side is attained by w = T u. Notice that w s = 0, otherwise w = 0 and then u = 0, too. For t > 0 let w t (s, σ) = w(ts, σ). Then w t = 0, w t ∈ H 2 ∩ H 1 0 (Z Σ ) for all t ∈ (0, 1) and
3 Applications of Theorem 2.1
Rellich inequality on the whole space
Let R n 0 = R n \ {0} and set
In the next theorem we denote by C 2 c,rad (R n 0 ) the set of radial functions in C 2 c (R n 0 ) and by C 2 c,rad (R n 0 ) ⊥ the set of functions u ∈ C 2 c (R n 0 ) such that ∂Br u dσ = 0 for every r > 0.
Proof. Equality (3.1) is an application of Theorem 2.1 and of the fact that the spectrum of the Laplace-Beltrami operator in S n−1 is given by
Equality (3.2) can be immediately obtained via Emden-Fowler transformation. The same holds for (3.3) with the further remark that, arguing as in the proof of Theorem
Remark 3.2 In this remark we take α = 0. Clearly we recover the classical Rellich inequality (0.4) with the best constant µ n defined in (0.5). Moreover we also point out the following inequalities, which hold true in any dimension n ≥ 2:
⊥ with sharp constants.
Remark 3.3 If α > 4 − n then the weight |x| α−4 is locally integrable, and a density argument can be used in order to show that
We finally observe that µ n,α = 0 if and only if α ∈ (n+2N∪{0})∪(4−n−2N∪{0}).
Rellich inequalities on half-spaces
Denote by R n + any homogeneous half-space in R n . From Theorem 2.1 and computing the spectrum of the Laplace-Beltrami operator on the half-sphere S n−1 + , the next result follows. 
The knowledge of the spectrum of the Laplace-Beltrami operator on the halfsphere S n−1 + could be known but, since we did not find it in the literature, we prove it for the sake of completeness.
Proposition 3.5 One has that Λ(S n−1
Proof. We have to show that Λ(S n−1
easily follows via odd extension of any Dirichlet eigenfunction on the half-sphere. Now let λ = k(k + n − 2) for some k ∈ N. By well known results (see, e.g., [4] ), λ is an eigenvalue of −∆ σ in H 1 (S n−1 ) whose eigenspace is spanned by m = m(k) functions H k,1 , . . . , H k,m with the following properties: the H m,i 's are orthonormal and the mapping
is a polynomial of degree k and it is harmonic on R n . It is also known that
if k ≥ 2, whereas m = n if k = 1. We claim that there exists an eigenfunction
which vanishes on an equator of S n−1 . More precisely, we can find c 1 , . . . , c m ∈ R, not all zero, such that
where the e j 's constitute the standard basis in R n . This is possible since m > n−1 as n ≥ 2, via induction. Hence the algebraic system (3.5) admits a nontrivial solution c 1 , . . . , c m . Thus the corresponding mapping ϕ defined by (3.4) restricted to
is an eigenfunction in H 1 0 (S n−1 + ) relative to the eigenvalue λ. In fact ϕ = 0 since
Therefore Λ(S n−1 + ) contains Λ(S n−1 ) \ {0}, and the proposition is completely proved.
Remark 3.6 When α = 0 we obtain
In particular µ N (R n + ; 0) > 0 if and only if n ≥ 3.
Rellich inequality on cones in low dimension
For every θ ∈ (0, π) let Σ θ ⊂ S n−1 be a geodesic ball of radius θ. Let us denote C θ = C Σ θ . We investigate the dependence of the Rellich constant on θ for α = 0 in low dimensions. Firstly consider the dimension n = 2, when γ 2,0 = −1. From a direct computation of the spectrum of the Laplace-Beltrami operator on Σ θ (see, e.g., [6] ), it follows that
Notice that θ * := π 5/2 is a local maximum for the map θ → µ N (C θ ; 0). In addition, by (2.3),
When n = 3 a similar phenomenon appears. In particular, there is exactly one value θ * ∈ (π/2, π) such that −γ 3,0 = 3/4 is the smallest eigenvalue of −∆ σ on Σ θ * . Thus µ N (C θ * ; 0) = 0 and µ N (C θ ; 0) > 0 for θ < θ * .
Finally we point out that in dimension n = 4 it holds that µ N (C Σ ; 0) > 0 for all Σ = S 3 , since γ 4,0 = 0 and λ Σ θ > 0 for all θ ∈ (0, π).
Inequalities with logarithmic weights
In this Section we are concerned with inequalities, with sharp constants, involving the L 2 norm of ∆u with a weight |x| α , for mappings u supported by cone-like domains. More precisely, in this section we assume that
where Σ ⊂ S n−1 is a domain of class C 2 . Notice that the case of the punctured ball B n \ {0} and the exterior domain R n \ B n are included by taking Σ = S n−1 . As in the previous Sections, we denote by λ Σ the first eigenvalue of the LaplaceBeltrami operator in H 1 0 (Σ) and we define γ n,α and γ n,α as in (0.8) and (0.10), respectively. We have the following result.
Theorem 4.1 Let α ∈ R and let Σ be a domain of class C 2 in S n−1 , with n ≥ 2.
Let Ω be a domain as in (4.1) . Then:
(4.4)
Proof. We first handle the case Ω = C Σ ∩B n . Fix u ∈ C 2 c (Ω\{0}). Let Z + Σ = R + ×Σ and w = T u, where T is the Emden-Fowler transform defined in (2.5). Arguing as in Section 2.1, one can see that w ∈ H 2 ∩ H 1 0 (Z
with L defined as in (2.6). Each term in the right hand side of (4.5) can be estimated according to the behaviour of ∇u on ∂Ω. Notice also that for every σ ∈ Σ the mapping w(·, σ) belongs to H 1 0 (R + ). Moreover, since w = 0 on R + × ∂Σ, one has that w s (s, ·) ∈ H 1 0 (Σ) for every s > 0 and then
Then (4.2) follows from (4.6), (4.8) and (4.9). If ∇u = 0 on S n−1 ∩ ∂Ω then for every σ ∈ Σ the mapping w(·, σ) belongs to H 2 0 (R + ), that is, w s (·, σ) ∈ H 1 0 (R + ). Therefore, applying twice the Hardy inequality, we can estimate also In the next corollaries we point out the explicit constants in case α = 0, under Navier and Dirichler boundary conditions. For the convenience of the reader we distinguish the case n = 2 from the higher dimensional one. 
